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The main characteristics of the linear Darrieus-Landau instability in the laser ablation flow are investigated.
The dispersion relation of the instability is found numerically as a solution to an eigenvalue stability problem,
taking into account the continuous structure of the flow. The results are compared to the classical Darrieus-
Landau instability of a usual slow flame. The difference between the two cases is due to the specific features
of laser ablation: sonic velocities of hot plasma and strong temperature dependence of thermal conduction. It
is demonstrated that the Darrieus-Landau instability in laser ablation is much stronger than in the classical case.
In particular, the maximum growth rate in the case of laser ablation is about three times larger than that for
slow flames. The characteristic length scale of the Darrieus-Landau instability in the ablation flow is compa-
rable to the total distance from the ablation zone to the critical zone of laser light absorption. The possibility
of experimental observations of the Darrieus-Landau instability in laser ablation is discussed.
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I. INTRODUCTION

Inertial confinement fusion �ICF� is believed to be one of
the promising energy sources in the 21st century. The aim of
ICF is to compress a plasma target to densities and tempera-
tures high enough to trigger a thermonuclear reaction. De-
spite a great technical development and progress in power
supplies during last decades �1�, hydrodynamic instabilities
remain the limiting factor in fusion performance and effi-
ciency. In this respect, the most difficult obstacle in achiev-
ing ICF is the Rayleigh-Taylor �RT� instability, which arises
because of target acceleration �2–9�. Still, the RT instability
is not the only instability of importance in ICF; for example,
the laser generated plasma is also subjected to the so called
Darrieus-Landau �DL� instability �5,10–17�. Traditionally,
the DL instability is known as the hydrodynamic instability
of a slow flame �18–21�, which makes the flame front corru-
gated and increases the burning rate. Flame is the most typi-
cal example of a deflagration wave, which is a front propa-
gating due to energy release and thermal conduction. Other
interesting examples of deflagration come from astrophysical
applications like the big bang model and type I supernovae
�22–27�. The ablation flow generated by laser radiation on a
plasma target is also a deflagration wave �9,28,29�. On the
basis of similar physical properties of deflagrations, one
should expect the DL instability to develop in laser ablation.
The purpose of the present theoretical work is to answer
some of the key questions concerning the DL instability in
laser ablation and to indicate conditions for experimental ob-
servation of the instability.

The flow generated by a slow flame is almost incompress-
ible, which is taken into account in the classical theory of the
DL instability �18–21�. However, the parameters of laser ab-
lation flows in ICF are markedly different from those of slow
combustion. One of the most distinctive features of deflagra-
tion in ICF is that the plasma velocity reaches the isothermal
sound speed at the critical surface of laser light absorption.
Laser ablation corresponds to the so-called Chapman-
Jouguet deflagration, which is the fastest propagation regime
possible for a deflagration front. Another important property

inherent to the plasma flow is the strong temperature depen-
dence of thermal conduction, which determines the internal
structure of laser deflagration. It is expected that the strong
plasma compression and the thermal conduction will signifi-
cantly influence the DL instability in a laser-generated
plasma. There was much interest in the DL instability in ICF,
e.g., see �8,11–16�. Still, these papers did not answer the
following most important questions concerning the DL insta-
bility in laser ablation:

�1� How strong is the DL instability in laser ablation in
comparison to the classical case, i.e., is it stronger or weaker
than the DL instability developing at a slow flame front?

�2� What is the characteristic length scale of the instability
development? This question is especially important from the
experimental point of view, since the answer determines the
target size, for which the DL instability may be observed.

�3� What is the outcome of the DL instability at the non-
linear stage?

A number of papers tried to answer the first question
within the model of a discontinuous ablation front
�10,11,16,30,31�. Unfortunately, the discontinuous model en-
counters the deficit of matching conditions at the front
�3,5,9,16�; the solution to the problem turned out to be sen-
sitive to this assumed extra condition. Unlike that, Refs.
�32,33� took into account a continuous structure of the defla-
gration front in a compressible flow, thus eliminating the
deficit of the matching conditions. Though Refs. �32,33�
were devoted to combustion, and the respective results can-
not be extrapolated directly to the DL instability in laser
ablation, still the method used in these papers may be used
for the ablation studies.

Here we employ the methods of Refs. �32,33� to study the
linear stage of the DL instability in a laser plasma, thus an-
swering questions 1 and 2 of those outlined above. We find
the dispersion relation of the instability numerically as a so-
lution to an eigenvalue stability problem taking into account
the continuous structure of the flow. We demonstrate that the
DL instability in laser ablation is much stronger than in the
classical case of a usual slow flame. The characteristic length
scale of the DL instability in the ablation flow is comparable
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to the total distance from the ablation zone to the critical
zone of laser light absorption.

II. BASIC EQUATIONS AND THE STATIONARY
SOLUTION

We study the ablation plasma flow using hydrodynamic
equations of mass, momentum, and energy conservation,

��

�t
+ � · ��u� = 0, �1�

�
�u

�t
+ ��u · ��u + �P = 0, �2�

�

�t
��CVT +

1

2
�u2� + � · ��u�CPT +

1

2
u2� − � � T� =�R,

�3�

and the equation of state of an ideal gas

P =
� − 1

�
CP�T , �4�

where �=5 /3 is the adiabatic exponent, CP and CV are the
heat capacities at constant pressure and volume, respectively.
We describe plasma within the one-fluid approximation us-
ing the ideal gas equation with single temperature. This is a
traditional approach to study hydrodynamic instabilities in
ICF employed in the absolute majority of works on the sub-
ject, e.g., see �2–17�. Though simple, it captures all essential
physics of the problem. Of course, one can always make the
model more complicated by including specific details of
laser-induced plasma medium �2�. For example, characteris-
tic densities of heavy cold plasma of the target are compa-
rable to solid-state density. It is questionable if such a plasma
may be described by the ideal gas law. However, the flow of
cold heavy plasma developing because of the DL instability
may be treated as incompressible with a very good accuracy.
An incompressible flow does not depend on a particular type
of the equation of state of the moving medium. For this
reason, we may employ the ideal gas law for the cold plasma
without changing the physical results for the DL instability.
Another possible complication is related to nonequilibrium
electron distribution in the region of laser light absorption
�2�. For high laser irradiance, two �or more� types of elec-
trons are produced: “cold” and “hot.” The cold electrons
carry energy away from the point of absorption by the diffu-
sion process �thermal conduction�. The hot electrons deposit
their energy faster causing electron preheating. A particular
type of heat transfer within the deflagration �laser ablation�
wave determines total thickness of the wave, and as a con-
sequence, the characteristic length scale of the DL instability.
One may also consider other types of thermal conduction in
laser ablation such as black-body radiation flux �2,6,7�, a
complex combination of electron and/or radiation heat trans-
fer, or flux-limited heat flow �11,29�. Influence of a particular
type of heat transfer on the parameters of the DL instability
is a complicated problem, which requires a separate study

including the multifluid approximation of laser plasma. Such
a study is beyond the scope of the present paper; otherwise
the present work becomes too large and difficult for reading.
Here we consider only the single-fluid approach; we investi-
gate mostly the regime of electron thermal conduction with
brief discussion on how the physical results are modified for
other types of thermal conduction. Particularly, we show in
Sec. IV that the scaled cutoff wavelength of the DL instabil-
ity becomes noticeably shorter for stronger temperature de-
pendence of thermal conduction.

Electron thermal conduction � depends on temperature as
�=�c�T /Tc�5/2, where label “c” refers to the critical surface
of laser light absorption. Laser light absorption brings energy
into the plasma and, together with thermal conduction,
it drives the flow. Absorption takes place when plasma
frequency is equal to the laser frequency �laser

2 =�p
2

=e2�c /�0meM, which determines plasma density �c at the
critical surface �here M is plasma mass per one electron�.
Decrease in the laser light intensity due to absorption may be
described as dI /dz=KI with the absorption coefficient �2�

K �
�2

T3/2�1 −
�

�c
�−1/2

. �5�

The absorption coefficient diverges at the critical surface,
and, therefore, the process of energy absorption is strongly
localized at the surface. In the studies of ablation instabili-
ties, the energy release is typically presented by � function
�3,5,10,11,28�. Such replacement is possible since the insta-
bilities develop on the length scales much larger than the
region of energy release and involve bending of this region
as a whole without changing its internal structure. In the
present paper we solve the problem of the DL instability
numerically. In the numerical solution, it is more convenient
to imitate the � function by a transitional zone of finite width
determined by some continuous function �R of energy gain
included into Eq. �3�. Here, we chose the function in the
form suggested in Ref. �16�,

�R =��� − �c�nexp�− 	�/�c� . �6�

The function �R was constructed taken into account similar-
ity with the Arrhenius law in combustion, where 	 plays the
role of the scaled activation energy and n is similar to the
reaction order. In combustion science the Arrhenius reaction
is sensitive to temperature changes �19,20�. Here we con-
struct the function of energy gain �R sensitive to density
variations, as it takes place in laser ablation. Choosing large
parameter 	→
 we obtain energy gain strongly localized at
the critical surface for �→�c. In most of our calculations we
use 	=90, n=2. We also checked that these parameters have
minor influence upon the properties of the DL instability at
sufficiently large values of 	. The function �R given by Eq.
�6� allows a planar stationary solution consisting of two uni-
form flows of cold heavy plasma �label “a”� and hot light
plasma �label “c”� separated by a transitional region, which
is the deflagration front. The labels a and c originate from the
ablation and critical surfaces in the laser deflagration. Typical
internal structure of the deflagration front is illustrated in
Fig. 1. The described geometry is common in the theoretical
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studies of the RT and DL instabilities of the ablation flow
�3–6,8–11,31�, though it does not take into account the rar-
efaction wave in the hot light plasma beyond the critical
surface. As the main advantage of such a choice, we may
consider different values of the Mach number in the light
plasma, which would be impossible with a rarefaction wave.
Changing the Mach number, we can go over continuously
from the case of classical incompressible DL instability of a
usual flame front to the case of laser ablation with ultimately
strong plasma compression.

Figure 1 illustrates plasma density, temperature, and en-
ergy release in the planar stationary deflagration flow ob-
tained numerically as described in the Appendix. The defla-
gration front in Fig. 1 propagates to the left with constant
velocity Ua �the ablation velocity� in the negative direction
of z axis. Velocity of a usual flame is determined by the rate
of energy release and thermal conduction. Ablation velocity
is determined by the critical density and the laser light inten-
sity �28�. We adopt the reference frame of the deflagration
front. In that case the front is at rest, but the cold heavy
plasma flows to the right with uniform velocity uz=Ua, un-
dergoes transition in density and temperature in the deflagra-
tion wave, and, finally, the hot light plasma gets drifted away
with uniform velocity uz=Uc.

Equations of mass and momentum transfer �1� and �2�
may be integrated for the planar stationary deflagration as

�uz = �aUa = �cUc, �7�

P + �uz
2 = Pa + �aUa

2 = Pc + �cUc
2. �8�

One of the main dimensionless parameters in the problem is
the expansion factor

� =
�a

�c
=

Uc

Ua
, �9�

which shows density drop from the original cold plasma to
the critical surface. Both in flames and laser ablation, the
expansion factor is large: here we take �=5–12, similar to
�7,20�. In the case of ablation flow, the laser light frequency
determines the critical density and the expansion factor. The
other important parameter is the Mach number in the light
plasma �gas� corresponding to the adiabatic sound,

Mac = Uc	 �c

�Pc
. �10�

The Mach number is negligible in the classical case of usual
flames. In laser ablation, the isothermal Mach number is
equal unity �cUc

2 / Pc=1 in the light plasma, and we have
Mac

2=1 /� for the adiabatic Mach number. In the present
work we consider a general case of a deflagration front with
an arbitrary Mach number changing within the limits 0
�Mac

21 /�. The internal structure of the deflagration front
follows from the stationary equation of energy transfer,

d

dz
��cUc�CPT +

1

2
u2� − �

dT

dz
� =�R. �11�

Characteristic width of the front is determined by thermal
conduction in the hot region,

Lc 

�c

Cp�cUc
. �12�

The problem involves one more parameter of length dimen-
sion,

La 

�a

Cp�aUa
=

�a

Cp�cUc
, �13�

related to thermal conduction in the cold flow. Because of the
strong temperature dependence of electron thermal conduc-
tion, these two length scales are quite different Lc /La
= �Tc /Ta�5/2. For example, for the temperatures ratio Tc /Ta
=6, the length scales differ by two orders of magnitude
Lc /La�88. The strong difference in these length scales is
one of the specific features of laser ablation in comparison
with usual flames.

The relation between temperature and density in a defla-
gration flow follows from Eqs. �7� and �8�,

T

Tc
= �1 + �Mac

2�
�c

�
− �Mac

2��c

�
�2

. �14�

In the incompressible limit of usual flames, Mac
2�1, this

relation is reduced simply to �T=const, so that temperature
ratio is determined by the expansion ratio, Tc /Ta=�. In the
case of strong gas compression, these two values differ con-
siderably. For example, in the case of laser ablation with the
critical Mach number Mac

2=1 /�, we find from Eq. �14� that

Tc

Ta
=

�2

2� − 1
. �15�

For high values of density drop, 2��1, temperature ratio is
about twice smaller than the expansion factor, Tc /Ta�� /2.
Because of the reduced temperature ratio, the effect of two
different length scales Eqs. �12� and �13� in the ablation flow
is expected to become weaker than in a similar incompress-
ible flow. With temperature ratio changing from Tc /Ta=� in
the incompressible case to Tc /Ta�� /2 in the ablation flow,
we find the ratio of length scales Lc /La= �Tc /Ta�5/2 decreas-
ing by the factor of �2�5/2�5.7, which makes the density
profile smoother.
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FIG. 1. �Color online� Profiles of density, temperature and en-
ergy release for �=6, Mac=0.5, 	=20,60,140.
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In the numerical solution we have to make sure that the
ablation front structure is not sensitive to our choice of the
energy gain function �R. We solve Eq. �11� together with Eq.
�14� numerically for different values of parameter 	
=20,60,140, other parameters are �=6, n=2, Mac=0.5 �see
Fig. 1�. Density and temperature profiles for these three val-
ues of 	 almost coincide, so that the flow parameters do not
depend on 	. For 	�90, the width of the energy release
takes less than 5% of the total thickness of the deflagration
front. The other parameter of the energy gain function in Eq.
�6�, n, affects the shape of the energy release peak only
slightly. Thus, Eq. �6� may imitate the energy gain in the
ablation flow quite well; in the following we take 	=90 and
n=2.

We also solve Eq. �11� for different values of the Mach
number Mac=0,0.5,0.75 �see Fig. 2�. In the case of incom-
pressible flow, Mac=0, the density profile demonstrates
clearly the effect of two length scales, Eqs. �12� and �13�,
produced by the temperature-dependent thermal conduction.
The profile is rather smooth in the hot region close to the
critical surface, and it becomes sharp in the cold plasma
close to the ablation surface. In the case of strong compres-
sion with Mac=0.75, the density profile becomes much
smoother, as discussed above, because of the reduced tem-
perature difference Tc /Ta. Another specific feature of the
density profile is shown at the inset of Fig. 2. With the Mach
number approaching the maximal possible value Mac

2=1 /�,
we observe development of another miniregion of relatively
high density gradient close to the critical surface. This effect
may be also obtained analytically from Eq. �14�. Close to the
critical surface, expanding density and temperature in power
series with respect to � /�c−1�1, 1−T /Tc�1, we obtain the
relation � /�c−1�	1−T /Tc. Taking energy gain in the form
of � function, we have temperature achieving the final value
Tc at finite point z=0 smoothly. This leads to the square-root
singularity in the density gradient. We can observe the trace
of such a singularity in the inset of Fig. 2, though smoothed
because of the finite width of the energy gain zone. For the
same reason, the energy gain zone becomes much thinner at
high values of the Mach number. Since the energy release
Eq. �6� is sensitive to the density profiles, then sharp density
gradients at Mac

2=1 /� make the zone of energy gain sharper
as well. The numerical solution for the planar stationary flow
provides the basis for the stability analysis.

III. LINEARIZED EQUATIONS

We solve the stability problem for small perturbations of
any value � in the form: ��x ,z , t�=��z�+ �̃�z�exp��t+ ikx�,
where the first term stands for the stationary flow, the second
term describes linear perturbations, � is the instability
growth rate, and k=2� /� is the perturbation wave number.
In general, � may have both a real part �growth rate� and an
imaginary part �frequency�. However, in the case of the DL
instability � is only real; the instability develops when � is
positive.

The linearized system �1�–�3� takes the form

��̃ +
d

dz
��ũz + �̃uz� + ik�ũx = 0, �16�

��ũx + �uz
dũx

dz
+ ikP̃ = 0, �17�

��ũz + �uz
dũz

dz
+

duz

dz
��̃uz + �ũz� +

dP̃

dz
= 0, �18�

���CVT̃ + �uũ − �̃RT� + ��̃uz + �ũz�
�

�z
�CPT +

1

2
u2�

+ �uz
�

�z
�CPT̃ + uũ� +

�c

Tc
5/2�k2T5/2T̃ −

�

�z
�5

2

�T

�z
T̃

+ T
�T̃

�z
�� − �̃R = 0. �19�

As the boundary conditions, we demand that perturbations
vanish at infinity in the uniform flows of cold plasma ahead
of the ablation zone and the hot plasma behind the critical
zone of energy gain. The coefficients in Eqs. �16�–�19�
are constant in the uniform flows. This allows us writing
down the perturbations in an exponential form �̃�z�
= �̃ exp��z /Lc�, where ��0 in the heavy plasma �z→−
�
and �0 in the light plasma �z→
�. In some particular
simplified limits the structure of the perturbation modes in
the uniform flows may be written analytically, e.g., see �16�.
However, in the present case we can do it only numerically,
see Appendix.

Strictly speaking, a uniform flow of light heated plasma is
only a model for laser ablation, which is typically used in the
studies of the RT and DL instabilities �3–6,8–11�. Instead,
light plasma expands into vacuum in the form of a rarefac-
tion wave, which is intrinsically time dependent �28,29�. It is
commonly assumed that replacement of the rarefaction wave
by a uniform flow does not influence the instability develop-
ment. However, it is not easy to prove this rigorously. Only
few recent papers considered the RT instability in laser ab-
lation taking into account time-dependent self-similar nature
of the unperturbed flow �34,35�. This task requires a separate
large work, which is beyond the scope of the present paper
and which we leave for future studies. Besides, without using
the model of a uniform flow of light plasma, we cannot go
over continuously from the limit of usual slow flame to laser
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FIG. 2. �Color online� Profiles of density and energy release for
different Mach numbers �=6, Mac=0,0.5,0.75.
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ablation. We stress that comparison of these two asymptotic
cases of negligible and ultimately strong plasma compression
is the main purpose of the present work.

IV. RESULTS AND DISCUSSION

Before presenting the numerical solution to the stability
problem, we explain the physical results we are looking for.
In the classical case of an infinitely thin flame front propa-
gating in an incompressible flow, the instability growth rate
was obtained by Darrieus and Landau �18,19� as

� = �Uak , �20�

where the coefficient � depends on the expansion factor �
only,

� =
�

� + 1
�	� + 1 − 1/� − 1� . �21�

Taking into account gas compression, we should expect the
dispersion relation for an infinitely thin deflagration front in
the same form as Eq. �20�, but with the coefficient � depend-
ing on the Mach number, �=��� ,Mac�. More general solu-
tion to the stability problem takes into account finite thick-
ness of the deflagration front, which leads to stabilization of
the DL instability at sufficiently short wavelengths. In the
case of usual slow flames of finite thickness, the analytical
solution to the problem may be found, e.g., in �21�. Written
in the form of Taylor expansion in relatively small perturba-
tion wave number, kLc�1, the solution may be presented as

� = �Uak�1 − k/kcut� , �22�

where kcut is the cutoff wave number, �cut=2� /kcut is the
cutoff wavelength. The approximation of the small cutoff
wave number kcutLc�1 holds with reasonable accuracy for
usual flames, e.g., see the review �20�. The cutoff wavelength
is proportional to the thickness of the deflagration front,
�cut�Lc. In the incompressible flow, the coefficient of pro-
portionality depends on the expansion factor � and on the
type of thermal conduction. Particularly, in the case of �
�T� and an incompressible flow, the theory �21� predicts

�cut

Lc
=

2��

��� − 1���1 −�−��
� + 1

� − 1
+

1 −�−�−1

1 + 1/� � . �23�

For electron thermal conduction, �=5 /2, and typical expan-
sion factors �=6–8, Eq. �23� predicts the cutoff wavelength
�cut�6Lc. In the case of radiation heat transfer, temperature
dependence of thermal conduction is much stronger, as
strong as ��T13/2 �see �2��. Then, for �=6–8, the cutoff
wavelength may be evaluated as �cut�2.5Lc, which is con-
siderably smaller than in the case of electron thermal con-
duction. According to Eq. �23�, strong temperature depen-
dence of thermal conduction, ��T� with ��1, reduces the
scaled cutoff wavelength as �cut /Lc�1 /�. As an opposite
case, thermal conduction is almost temperature independent
for usual flames, and the scaled DL cutoff is much larger,
being about �cut /Lc�20 �see �20��. According to the disper-
sion relation �22�, there is a maximum of the instability
growth rate �max achieved at a certain finite perturbation

wavelength �max. Equation �22� predicts the wavelength of
the maximum to be twice larger than the cutoff wavelength,
�max=2�cut. Taking into account gas compression, one
should expect that all these values depend on the Mach num-
ber, Mac. Therefore, the purpose of the present work is to
investigate dependence of the parameters �, �cut, �max, and
�max on the Mach number Mac changing within the interval
0Mac1 /	�. We demonstrate below that this dependence
is quite strong.

Figure 3 presents the scaled instability growth rate ob-
tained numerically versus the perturbation wave number. The
dispersion relation is shown for different values of the Mach
number, Mac=0–0.73, with the expansion factor �=6. The
DL instability becomes much stronger with increasing the
Mach number, which concerns all parameters of the instabil-
ity. Figure 4 shows the factor � characterizing strength of the
DL instability at an infinitely thin front. In that case, the DL
instability is almost twice stronger for laser ablation than in
the incompressible flow. The factor � is also noticeably
larger than any analytical theory predicted so far �see
�10,11,16,30,31��. As explained in �16�, the analytical theo-
ries employed the model of a discontinuous ablation front
suffering from the deficit of matching conditions at the front.
This trouble does not happen in the present numerical solu-
tion, which may also help in constructing the analytical
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FIG. 3. Scaled instability growth rate versus the scaled wave
number for different Mach numbers and �=6.
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the result of Ref. �30�.

GROWTH RATE AND THE CUTOFF WAVELENGTH OF THE… PHYSICAL REVIEW E 80, 046403 �2009�

046403-5



theory. Here we will try to extract the best ideas suggested so
far in �10,11,16,30,31� to obtain the analytical solution rea-
sonably close to the numerical one. For that purpose we take
the basic elements in the analysis �16� and complement them
by an extra condition identical to that of the classical DL
theory �18� �see also �10,11,30��,

ũza −
� f

��
= 0, �24�

where f is perturbation of the discontinuous front position.
Reproducing calculations of �16� with the extra condition
�24� we obtain the following equation for �:

1 − �2� − 1�Maa
2

1 −�Maa
2

��c − 1

� − �c
��� + �a� + ��a + 1

−
� − 1

��

�a +�2Maa
2�3

1 −�Maa
2 = 0, �25�

where

�a = 	1 + Maa
2��2�2 − 1�, �c = 	1 + Mac

2��2 − 1�
�26�

and the Mach number in the cold plasma

Maa
2 =

Mac
2

� + ��� − 1�Mac
2 . �27�

Influence of the Mach number may be illustrated in the limit
of small plasma compression, Ma�1, using Taylor expan-
sion of Eq. �25�. In that case

� = �0�1 + �Mac
2� , �28�

where �0 corresponds to DL solution for incompressible
case, Eq. �21�, and � is determined as

� = 1 −
2���0�� + 2� + 1�

�� + 1�2��0�� + 1� +��
� 0. �29�

Positive factor � indicates increase in the instability growth
rate with compression effects. The solutions to Eq. �25� to-
gether with Eq. �28� are presented in Fig. 4 by the solid and
dashed lines, respectively. These lines do not provide a per-
fect agreement with the numerical results; still the difference
between the theory and the numerical solution is acceptable,
about 15%. For comparison, Fig. 4 shows also the instability
growth rate predicted in �30�, by dash-dotted lines. The
theory in �30� differs much stronger from the numerical so-
lution, approximately by 35%.

Figure 5 shows the maximal instability growth rate versus
the Mach number for the expansion factors �=6,10, and
electron thermal conduction �=5 /2. In the case of laser ab-
lation with Mac=1 /	� the maximal instability growth rate is
about three times larger than in the incompressible case.
These results agree well with the previous numerical calcu-
lations of Ref. �32� for flames in a compressible flow. It is
interesting that the maximal growth rate shows only minor
dependence on the Mach number for a rather wide range of
this parameter, Mac0.5. The strong increase in �max with
Mac takes place only when the Mach number starts ap-

proaching the limiting value Mac=1 /	� inherent to laser ab-
lation. Besides we have calculated the same value for radia-
tion energy transport, corresponding to �=13 /2. It behaves
qualitatively in a similar way but the instability growth rate
is almost three times larger for radiation thermal conduction
in comparison with the electron one. We observe the same
tendency in Fig. 6, which presents the cutoff wavelength
versus the Mach number. For �=13 /2 the cutoff wavelength
also decreases considerably. Figure 7 compares the cutoff
wavelength found numerically for different values of the
Mach number to the theoretical prediction Eq. �23� for �
=5 /2. The theory �23� provides a reasonable prediction for
the cutoff wavelength in the case of zero Mach number; the
difference between the theory and the numerical solution is
about �15–25�%. As we increase the Mach number, the DL
instability becomes stronger and the cutoff wavelength de-
creases considerably. For example, taking the expansion ratio
�=7 we find the cutoff wavelength �cut�2.4Lc for laser
ablation, �cut�4.8Lc for the incompressible case of Mac=0
and �cut�6Lc predicted by the analytical formula �23� for
electron thermal conduction. The cutoff wavelength, �cut
�2.4Lc, is very small when compared to the respective
value, �cut /Lc�20, for usual flames. However, it is ex-
tremely large in comparison with the length scales typical for
the RT instability in ICF �5,6,8�. Experimental observations
typically concern the fastest growing perturbations of the
wavelength �max and larger, not the cutoff wavelength. In the
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case of usual flames these two length scales are related as
�max /�cut�2 �see Eq. �22��. This ratio becomes somewhat
different for the DL instability in laser ablation, �max /�cut
�1.8.

Finally, we give an example of experimental plasma pa-
rameters needed to observe the DL instability in laser abla-
tion. Both the RT and DL instabilities behave in a similar
way bending the ablation front, and they require similar di-
agnostics. For this reason, when designing the experiment
one has to be sure that the DL instability dominates over the
RT instability, at least at the perturbation wavelengths about
�max. As an example, we take an ablation flow similar to Ref.
�7� with the expansion factor �=6, which provides the DL
instability of about same strength as in the present numerical
calculations. We consider a DT target with initial density
�a=0.2 g /cm3, ablation velocity Ua=3.5 �m /ns, ablation
front thickness La=0.18 �m, and Spitzer electron thermal
conduction with �=5 /2. The required laser wavelength may
be found from the relation between the critical density �c

=�a /� and the laser frequency, �laser=e	�c /�0meM, see Sec.
II, which in the present case leads to �laser�0.45 �m. The
theory �2,28,29� yields the laser intensity Ilaser�5
�1013 W /cm2 needed to produce such a flow, which is in
line with recent experiments �13,14,36�. We can also find the
distance to the critical surface in such a flow as Lc=��La
�16 �m and the wavelength of the fastest growing DL per-
turbations �max=74 �m using Fig. 6. From Fig. 5, we find
the respective maximal DL instability growth rate �max
�0.3 ns−1, which is an order of magnitude smaller than the
RT growth rate encountered in similar experimental flows,
e.g., see �36,37�. Still, the RT instability depends on the tar-
get acceleration g and on the initial target size Ltarget, since
g� Pa /�aLtarget, where ablation pressure is determined by
Eq. �8�. The RT instability growth rate decreases for large
targets as �RT�	gk�1 /	Ltarget. On the contrary, the DL in-
stability does not depend on the acceleration and we can find
the target size for which the ablative DL instability domi-
nates. Evaluating the RT instability growth rate from above
by �RT�	gk, we find that a target of thickness Ltarget=2
�103 �m provides the DL instability about five times stron-
ger than the RT instability. Such a large target is unusual for
ablation experiments, but it allows observing the DL insta-

bility. Taking larger targets we make the relative role of the
DL instability even stronger. Still, all these estimates depend
strongly on the expansion factor � and on the type of ther-
mal conduction. For example, using data of Ref. �37� for a
DT target with the laser intensity Ilaser=1014 TW /cm2, laser
wavelength �laser=0.35 �m, and the thermal conduction ex-
ponent �=2.1, we find a noticeably higher expansion factor
as ��40. Then we calculate the corresponding distance to
the critical surface Lc�170 �m and the wavelength of the
fastest DL perturbations �max�450 �m. In such an experi-
ment, to obtain �max for the DL instability about five times
greater than 	gk one has to use targets as large as Ltarget
�1.3�104 �m. For comparison, experiments �37� on the
RT instability were performed for targets two orders of mag-
nitude smaller, Ltarget=1.9�102 �m. Flow parameters
change even more dramatically if the radiative thermal con-
duction �with �=13 /2� dominates over the electron one.
Therefore, in designing an experiment on the ablative DL
instability one has to study accurately the thermal conduction
mechanism of the plasma flow, since the instability param-
eters depend strongly on it.

V. CONCLUSIONS

In the present paper we investigated the DL instability in
an ablation flow and compared the results to the classical
case of a slow flame. Unlike the normal flame, laser ablation
is characterized by the strongest plasma compression pos-
sible for a deflagration wave. Another specific feature of la-
ser ablation is the strong dependence of thermal conduction
on temperature. We demonstrate that the DL instability in
laser ablation is much stronger than in the classical case. In
particular, the maximal growth rate in the ablation flow is
about three times larger than in the incompressible case.
Moreover, the cutoff wavelength changes drastically as we
go from the classical case of an incompressible flow to the
ablation flow. The cutoff wavelength is also strongly influ-
enced by the temperature dependence of thermal conduction.
It is known that the DL instability for usual flames develops
on quite large length scales exceeding the flame thickness by
almost two orders of magnitude �20�. In contrast to this, the
characteristic length scale of the DL instability in the abla-
tion flow �e.g., the cutoff wavelength� is comparable to the
total distance from the ablation zone to the critical zone of
laser light absorption, Lc. Still, even these values are large
from the point of view of possible experimental observations
of the DL instability in laser ablation. We note that the RT
instability in inertial confined fusion develops on length
scales much smaller than Lc. For this reason, the DL insta-
bility may be observed only if the accompanied RT instabil-
ity is suppressed. This may be achieved, for example, for
sufficiently large targets of thickness much larger than the
distance Lc from the critical to the ablation zone.
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APPENDIX: THE NUMERICAL METHOD

In the numerical solution, we introduce dimensionless
variables for plasma density, temperature, and velocity, and
coordinate �=� /�c, �=T /Tc, u=uz /Uc, and �=z /Lc. Then
we can rewrite Eq. �11� as

�

��
�� +

�� − 1�
2�2 Mac

2 − �5/2��

��
� = ��� − 1�nexp�− 	�� ,

�A1�

where �=Lc
2��c

n��cTc�−1 is an eigenvalue of the stationary
problem.

In the linearized problem, Eq. �16�–�19� we introduce the
dimensionless perturbations of mass flow j̃, transverse veloc-

ity ṽ, temperature �̃, and dynamic pressure  ̃ as

j̃ =
�ũz + �̃uz

�cuc
, ṽ =

iũx

uc
, �̃ =

T̃

Tc
,  ̃ =

P̃ + �̃uz
2 + 2�uzũz

�cuc
2

�A2�

with the scaled wave number and the perturbation growth
rate K=kLc, S=�Lc /Uc. We also introduce an auxiliary vari-
able !=�5/2�� /��, which corresponds to the heat flux with a
respective linearized value. Then the linearized system
�16�–�19� is

dj̃

d�
= 2S

�Mac
2u

w
j̃ − K�ṽ − S

�Mac
2

w
 ̃ + S

�

w
�̃ , �A3�

dṽ
d�

= − 2K
�u

w
j̃ − S�ṽ + K

�

w
 ̃ − K

u

w
�̃ , �A4�

d ̃

d�
= − Sj̃ − Kṽ , �A5�

d�̃

d�
= −

5

2

1

�

d�

d�
�̃ + �−5/2!̃ , �A6�

�!̃

��
= Ajj̃ + Avṽ + A  ̃ + A��̃ + A!!̃ , �A7�

where w=�−�Mac
2u2 and the coefficients in Eq. �A6� and

�A7� are

Aj =
��

��
+ �� − 1�Ma2� u

w
�S�3� + �Ma2u2�

�

w
+

2�

� − 1

��R

��
�

+
�

��
�3� + �Ma2u2

2w
u2� , �A8�

Av = �� − 1�Mac
2 u

w
K� , �A9�

A = − �� − 1�Mac
2�S

� + �Mac
2u2

w2 � +
�

�� − 1�w
��R

��

+ �Mac
2 �

��
�u3

w
� , �A10�

A� = S
��

w
+ K2�5/2 +

��R

��

�

w
−

5

2w

��

��
+ Mac

2� 5u2

2w�

��

��

+ S��2� − 3�� + �Mac
2u2�

u

w2 + �� − 1�
�

��
�u2

w
� ,

�A11�

A! = �−5/2� − Mac
2u2

w
. �A12�

Thus we have a system of five differential equations of the
first order with the scaled growth rate S as an eigenvalue.
The purpose of the solution is to find the dispersion relation
S=S�K�. The system may be written in a matrix form

��̃

��
= F�̃ , �A13�

where �̃ is a vector of the perturbations and F is the matrix

F = �
2S
�Mac

2u

w
− K� − S

�Mac
2

w
S
�

w
0

− 2K
�u

w
− S� K

u

w
K
�

w
0

− S − K 0 0 0

0 0 0 −
5

2

1

�

d�

d�
�−5/2

Aj Av A A� A!

� .

�A14�

Boundary conditions to Eq. �A13� are determined by modes
�̃���= �̃ exp���� in the uniform flows. In order to find the
factors �, we solve �F−E��=0, where E is the unit matrix.
The equation for � is a polynomial of the fifth order. In the
incompressible case this equation may be solved analytically.
Five different roots correspond to the vorticity mode, two
sound modes, and two modes of thermal conduction and/or
energy gain �5,16,38�. In the case of a compressible flow, we
find numerically five modes with two positive and three
negative values taking ��0 for �→−
 and �0 for �
→
. Finally, we integrate the system �A13� numerically in
the transitional region of the deflagration flow. We perform
the numerical integration two times from the right-hand side
and three times from the left-hand side with boundary con-
ditions determined by different modes. We match these five
solutions at a certain point between the maximum of the
energy release and the ablation zone of sharp density gradi-
ents. The physical results do not depend on the choice of the
matching point. Then we obtain a matrix consisting of
twenty five values describing flow perturbations for five
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modes. Taking the determinant of this matrix equal zero, we
find the dispersion relation S=S�K�.

In the numerical solution, we also check that our model
for the energy gain in the deflagration/laser ablation flow
does not influence the physical results obtained. We investi-
gated influence of the parameters 	 and n of the energy gain
on the DL dispersion relation. Numerical calculations for 	
=90 and different values of n show negligible variations in
all parameters of the instability: the � factor, the maximal
instability growth rate, and the cutoff wavelength. We also

took n=2 and varied 	 within the limits between 20 and 140.
For example, taking Mac=0.65 we find the maximal growth
rate �maxLc /Ua=0.74 for 	=20, �maxLc /Ua=0.84 for 	=90,
and �maxLc /Ua=0.86 for 	=140. These calculations indicate
that the continuous numerical model for the energy gain
function �R in Eq. �6� brings inaccuracy of only few per
cent, about 3%, into the numerical solution for 	=90 used in
the present paper. Investigation of the cutoff wavelength for
different 	 and n leads to similar conclusions.
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